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THE AFFECTIVE VIEWS OF PRIMARY SCHOOL 

CHILDREN 

Peter Grootenboer 
University of Waikato 



This paper documents a study concerned with examining the affective response to 
mathematics among 45 primary school students. The study sought to examine how the 
children's emerging beliefs, attitudes and feelings about mathematics impacted on their 
learning of the subject. A particular finding was that these beliefs, attitudes and feelings 
were shaped around a narrow conception of mathematics primarily restricted to number 
concepts and arithmetic. 

INTRODUCTION 

In 1992, McLeod commented that research into the affective dimension of mathematics 
education was limited and marginalized, but in recent years there has been a growing 
awareness of beliefs, values, attitudes and emotions as they relate to mathematics 
teaching and learning. Studies have been undertaken into the affective views of many 
particular groups including women (e.g., Buerk, 1985), pre-service and in-service 
teachers (e.g., Bishop, FitzSimons, Seah, & Clarkson, 2001; Grootenboer, 2002), school 
children (e.g., McDonough, 2002) and the general public (e.g., Lim, 1999). There seems 
to be a general consensus in the literature that affective factors have a significant 
influence with many writers reporting that their participants had debilitating views of 
mathematics. Indeed, it has been suggested that the beliefs, attitudes and feelings that 
individuals develop through their schooling considerably limit their ability to use or 
understand mathematics throughout their life (Schuck, 1997). 

While the number of studies in this area has been growing, there appears to be only a few 
that address the affective views of primary children. The study reported in this paper was 
an initial investigation into the views and feelings that a group of children had about 
mathematics and learning mathematics. The children were placed in small groups and 
asked to talk and write about their thoughts on the nature and purpose of mathematics and 
how they saw themselves as learners of mathematics. 

LITERATURE REVIEW 

The relationship between affective factors and achievement in mathematics education has 
been debated and researched over the last 50 years (Aitken, 1970; Antonnen, 1969; 
Dutton, 1954; McDonough & Clarke, 1994; McDonough, 2002). Furthermore, there was 
a perception that students who liked mathematics would also successful in learning it 
(Garden, 1997). While this may well be a sound proposition, it seems to underestimate 
the symbiotic and complex relationship between affect and achievement, as it seems at 
least feasible that for many students, they like mathematics because they are successful in 
learning it. Nevertheless, in reviewing the performance of New Zealand students in the 
Third International Mathematics and Science Study (TIMSS), Garden (1997) reported: 
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While a majority of students have positive attitudes to learning mathematics ... it appears that 
from a fairly young age there is an increasing proportion of students having lost interest in the 
subject, with a concomitant decline in their achievement, (p. 252) 

Studies of children’s’ beliefs about mathematics have reported that their views tend to be 
narrow focusing primarily on counting and number operations (Cotton, 1993; Frank, 
1988; Garafolo, 1989). In their study of the beliefs of 1202 primary school children, 
McDonald & Kouba (1986) found that the students had a limited conception of 
mathematics that included little beyond numeracy and arithmetic. Moreover, other studies 
revealed that students seemed to perceive the mathematics they experienced at school as 
being characterized by the memorization of formulae and the completion of routine 
exercises (Garafolo, 1989; Schoenfeld, 1992). More recently, McDonough (2002) studied 
the beliefs primary school children held about mathematics and found that they were 
diverse, complex and at times idiosyncratic. She suggested that “beliefs may impact upon 
children’s reactions to, or interpretations of, what is stated, performed or produced in a 
mathematics learning situation and may affect many aspects of their learning ...” (p. 
455). 

It seems clear from a number of studies that have explored the affective views of adults 
that many of their beliefs, attitudes and feelings about the subject developed as a school 
student (e.g., Carroll, 1998). Unfortunately, the general consensus seems to be that the 
affective views they developed were negative and debilitating, rendering many anxious 
about mathematics and active in avoiding it (McLeod, 1992). The two aspects of this 
negative perception of mathematics appear to be beliefs that mathematics is infallible and 
absolute, and feelings of fear, hatred and boredom about the subject (Mayers, 1994). 
Given these concerns it seemed appropriate to investigate the affective views of school 
children as the central focus of this study. 

THE STUDY 

The study was qualitative in nature and employed research methods that included both 
oral and written responses to a small range of relatively open questions and prompts. The 
participants were drawn from three Year five and six classrooms in a suburban New 
Zealand school. The school is situated in a middle-class suburb and it has received praise 
for its innovative approach to teaching and learning. Over the last two years the school 
has been involved in government sponsored initiatives that have sought to improve the 
numeracy levels of the students. In all, 45 children aged between nine and twelve were 
involved in the study. 

Method 

The study was designed to explore the students’ personal experiences of mathematics and 
their perceptions of those experiences. In particular, it sought to understand some of the 
children’s beliefs about mathematics, their attitude towards the subject and their 
associated feelings and emotions. Given these parameters, a phenomenological 
framework was appropriate as it encompassed a holistic, human perspective that gave 
precedence to perception, sense impressions, emotion and experience (Cohen, Manion & 
Morrison, 2000, Cresswell, 1998). 
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In order to collect the data the participants were organized into groups of about four or 
five where they were given the opportunity to both discuss and record their thoughts and 
ideas. Each child was given a copy of the open-ended questionnaire which they 
completed both during and after discussing their responses with one another. The 
student’s classroom teacher monitored the group and kept the discussion open, on-task 
and flowing while reassuring the children that their honest and sincere responses were 
desired. The questionnaire consisted of three sections, the first focusing on their beliefs 
about the nature and substance of mathematics (e.g., What do you think maths is about?), 
the second on their experiences and views on learning mathematics (e.g., Describe your 
best maths lesson), and the third explored their feelings about the subject (e.g., How do 
you feel about maths?). While the participants’ discussions were rich and insightful, it 
was not possible to record and therefore, only the data recorded by the participants on 
their questionnaire sheets was captured for the study. 

Phenomenological techniques were utilized for data analysis which initially involved the 
researcher in reflectively considering and noting any preconceptions (Moustakas, 1994). 
The data was then read through several times so a general initial sense of the phenomena 
could be perceived. Coding was used to identify key themes across the data which were 
then used to try and describe the phenomenon as it was presented in the participants’ 
descriptions. These descriptions are reported in the following section. 

FINDINGS 

Overall, the students were able to lucidly and succinctly write about their mathematical 
experiences and their associated feelings and perceptions of mathematics. All of the 
participants in the study had studied mathematics at school for at least five years and they 
seemed to draw on the fullness of their experiences in responding to the questions. Three 
key themes emerged from the data, the first being the nature of mathematics. The second 
was a significant dimension of the first theme relating to the prominence of times-tables, 
and the third was the student’s feelings about mathematics and learning mathematics. 
These will now be outlined in turn. While I will endeavor to use the participants’ own 
words to illustrate the themes (spelling and grammar corrected if necessary), for the sake 
of parsimony only a few lines of transcript will be used. 

The Nature of Mathematics 

Throughout all the participants responses the common perception was that mathematics is 
about numbers and arithmetic. In fact, very few of the students mentioned any other 
aspects of mathematics such as algebra, geometry, statistics or measurement. The 
following exemplify the participants’ comments: 

Andrew: Maths is about numbers and x, +, 

Emily: I think maths is about doing sums and learning your numbers and how to use 

numbers. You need to learn your numbers because it is important to be good 
at them. 

Furthermore, when commenting on what they thought was important in learning 
mathematics the participants again almost exclusively noted skills and concepts related to 
numeracy and arithmetic. They mentioned things like times-tables, division and long 
division specifically, counting, addition, subtraction, fractions and multiplication. 
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In addition to the common perceptions noted above, a small number (13%) of students 
indicated that mathematics was also about strategies and problem solving, as illustrated 
below: 

Hannah: It [mathematics] is about problem solving and finding strategies to work out 

things. 

Brienne: It is important to know different ways to solve problems. 

Interestingly, the small group of students who identified this dimension of mathematics 
were all identified by their teachers as being the more able children in the class. 

About one third of the participants wrote further comments about mathematics that didn’t 
relate to the skills or concepts of mathematics, but rather to how they perceived the 
subject. In general, these students were not the high achievers in the class and their 
comments suggested that mathematics was difficult and hard- work: 

Sharee: Maths is about thinking and learning, using your brain. It is a brainy subject 

and you have to think hard with your brain. 

The common thread to these participants’ comments was that mathematics is arduous and 
not easy, and success in mastering it required perseverance and “brain power” (Bradley). 
One student advised: 

Kirsten: Maths is not as easy as it looks. You have to work hard and learn your times- 

tables and tidy numbers. Maths can be a bit confusing at times but you may as 
well learn it now or you’ll have trouble later. 

Kirsten’s comment also highlights the significance the participants placed on times- 
tables. 

Times-tables 

The second theme that emerged was the prominence of times-tables in the participants’ 
perceptions of mathematics. While this dimension was really a sub-set of the first theme 
discussed above, the striking status of times-tables in their annotations required separate 
comment. Nearly 70% of the student-participants thought that times-tables were the most 
important thing they had learned in mathematics, and almost all the others listed them as 
being very important. Some of the reasons the children gave are recorded below: 

Jason: Times-tables [are the most important aspect], because if you can do times- 

tables you can do just about anything. 

Caitlin: I think the most important thing is your times-tables. They help you with long 

division and other things. 

Zhan: The brainy kids are good at [times] -tables. 

Chris: Times-tables, because if you know your tables then you will get a good job. 

The sense of the data was that it was important to have memorized your times-tables and 
be able to recite them quickly. It seemed as if the children who could do this were 
regarded as the best mathematics students and they were perceived as being “brainy”. 
Times-tables also featured as a factor in the student’s discussion about their feelings 
about mathematics. 
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Feelings about Mathematics and Learning Mathematics 

In discussing their feelings about learning mathematics, times-tables emerged as a 
characteristic of unpleasant lessons for many of the students. Of the 42% of the students 
who mentioned times-tables here, they noted in particular writing out their tables, 
repetitively singing their tables and times-table tests. Other factors that seemed to 
contribute to unpleasant mathematical experiences were bookwork that was dull and 
repetitive, content that was perceived as too easy or too difficult, and public humiliation 
or embarrassment. 

A common feeling associated with bookwork and learning content that was seen as too 
easy or repetitive was one of boredom, as illustrated below: 

Casey: The worst lessons were when we did lots of writing in our maths book for the 

whole time. That was a boring way to learn. 

Michael: I get bored when we learn something we already know and we get those 

revision worksheets. 

Comments like Michael’s tended to come from the students who were more successful in 
their mathematics learning, whereas a number of the less successful students expressed 
feelings of confusion and bewilderment about their experiences in trying to come to 
terms with difficult and unfamiliar material: 

Steven: My worst maths lesson was when I was 9 and I had to figure out six hard maths 

equations. I didn’t get it and I couldn’t do it and no one was allowed to help 
me because it was problem solving. 

Another small group (9%) of children who had struggled in their school mathematics 
education recorded some sad memories of their mathematical experiences, and their 
comments recorded below speak for themselves: 

Nadine: My worst lessons are when people laugh at me when I get things wrong. 

Neal: When I couldn’t do take-aways and the whole class laughed at me. Then I had 

to stay in all of interval while the others were outside playing and laughing at 
me. 

Rachel: I was stuck in a group with the good people and they knew all the answers and 

I didn’t understand and couldn’t keep up so I got really behind. I didn’t 
understand the progress or the answers but then I had to report to the class. In 
front of everyone I cried. 

Indeed, these quotations reflect the worst experiences of the participants, and while they 
are significant, the majority of the students expressed more positive feelings towards 
mathematics. 

In responding to questions about how they felt about mathematics, most (over 90%) of 
the children expressed feelings that were not negative, with nearly 50 percent overtly 
positive, for example: 



Deborah: Maths is cool! I love it more than any of my other subjects. 

Samuel: I think [mathematics] is ‘primo’ and I can’t think of anything bad about it. 
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Furthermore, all of the students felt that mathematics was important. Four main reasons 
were given for their responses: (1) you need it later in life in general (32%); (2) 
specifically, you need it for your future job (42%); (3) you need it at high school (10%); 
and (4) you use it all the time (13%). For example, some of their comments were: 

Liam: I think it is important to do maths because otherwise you won't get anywhere 

in life because you won’t get a good job so I think everyone should know 
their maths. 

Alison: If you know your maths then you can work at a bank or a shop counting the 

money. 

Grace: Yes, because you need it at high school. 

Tim: You need to do maths because you use it all the time. 

Brady Maths is important but I don’t know why! 

The underlying theme in their responses was that mathematics is important because it 
will be useful in the future. 

DISCUSSION AND CONCLUDING COMMENTS 

The findings presented in the previous section highlight a number of issues, but here the 
discussion will be limited to a few key ones. Firstly, the focus will be on the student’s 
narrow and limited perception of mathematics including the privileged status of times- 
tables, followed by a brief discussion of their feelings about mathematics. Finally, 
possible implications for mathematics education are explored in the light of the study’s 
findings. 

It was clear that the children in the study associated mathematics primarily with number 
and arithmetic, which was consistent with other studies reported in the literature. In New 
Zealand the government has placed far greater emphasis on numeracy in the primary 
school curriculum through specially funded programs (e.g., The Early Numeracy Project) 
and legislation. While few would question the need for children to be numerate and 
arithmetically strong, it is also desirable that children have a well-rounded mathematics 
education including aspects such as geometry, measurement, algebra, statistics, problem 
solving and mathematical processes. Certainly the children in the study would have been 
taught these other dimensions of mathematics (as they are fundamental strands of the 
New Zealand mathematics curriculum), but clearly they were not overtly recognized in 
their conceptions of the subject. Interestingly, this narrow conception may indeed 
heighten the mathematics anxiety of some, as possibly the more enjoyable aspects (e.g., 
geometry) are not included in their definition of what mathematics is really about. 

Allied to this was their perception of the ultimate value of times-tables in mathematics - a 
view that from anecdotal evidence would probably be shared by their parents and the 
community at large. For a number of the participants times-tables were the most 
fundamental aspect of mathematics, while also being the dimension they really disliked. 
It seems that generally times-tables are taught and learned in a rote fashion with the 
emphasis being on quick and accurate recall. This is a process that does not appear to be 
particularly mathematical, and yet the students who are able to memorize and quickly 
recall their tables are seen as the best and most competent mathematics students - “the 
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brainy ones”! Certainly one could probably make a good case for the inclusion of times- 
tables in a well-rounded mathematics curriculum, but it seems unlikely that they should 
be placed at the pinnacle of mathematical learning, so it would appear necessary for this 
prevailing view to be challenged amongst students, teachers, and the community at large. 

One of the interesting things to emerge was that the students’ views of mathematics 
seemed to be firmly grounded in their school experiences. If this is indeed the case 
generally, then it would seem important that teachers are well aware of the affective 
lessons their students are learning as they experience the mathematics curriculum in their 
classrooms. While the children in the present study seemed to generally enjoy 
mathematics, the literature and conventional wisdom seems to suggest that for many 
adults this is not the case (Carroll, 1998). It therefore, seems important that mathematics 
educators and teachers explore ways to build more positive perceptions of the subject so 
children, like the ones in this study, can maintain their optimistic disposition. This would 
need to include both a broader perspective of the nature of mathematics and positive 
attitudes and feelings towards its content and application. 
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During several years of experimentation, we accumulated a large collection of data on 
the analysis of problems generally encountered in algebra and on the reasoning 
developed by students at different levels when confronted with these problems. Analysis 
of this data led us to a new way of looking at differences among word problems, and to 
the development of a new theoretical approach to classify them with respect to their 
complexity and their structure. The aim of this paper is to extend this theoretical 
approach to the classification of algebra rate problems with respect to their complexity. 
An analysis of problems in textbooks from three different time periods allows us to 
circumscribe the respective fields of possibilities that students encountered with respect 
to rate problems. 

INTRODUCTION 

The failure of learning algebra and problem solving in secondary school is a problematic 
area that researchers know very well (Booth, 1984; Lochead & Mestre, 1988; Kaput & 
Sims-Knight, 1983; Clement, 1982; Bednarz & Janvier, 1992; Marchand & Bednarz, 
1999, 2000). The search for new theoretical approaches to explain and improve the 
learning of algebra has produced new ways of looking at this problematic. For example, 
the rupture between the procedures used to solve arithmetic and algebraic word problems 
and the change of thinking involved in the passage from one to the other are a major 
point of consideration when formulating new strategies for teaching (Bednarz et al., 
1992, 1996; Filloy & Rojano, 1989; Kieran & Chaloug, 1993; Lee & Wheeler, 1989; 
Chevallard, 1985, 1989; Puig & Cerdan, 1990). The same consideration of the 
mathematization process is needed within the algebraic domain (Lochead et al., 1988; 
Kaput et al., 1983; Clement, 1982; Sleeman, 1986). Those studies have provided new 
teaching approaches which take into account students’ difficulties and their different 
modes of reasoning when facing an algebraic problem (Rojano, 1996; Sutherland & 
Rojano, 1993; Vergnaud, 1987; Rojano & Sutherland, 2001; Kieran et al., 1996; Landry, 
1999; Bednarz, 2001). On the other hand, proposals for teaching strategies, if they are to 
provide an enlightened choice of problem situations for students, must provide a 
classification of different problem types and a better understanding of their complexity 
for students. Our past research enabled us to highlight different types of problems 
generally encountered in algebra and to analyze the complexity of those problems within 
a particular type (Bednarz et al., 1994). The investigation we present here is a natural 
extension of this previous research in that we are applying our theoretical model to a new 
class of problems: algebra rate problems (ARP). 
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THEORETICAL ANALYSIS OF ARP 

Algebra rate problems have a major role in building algebraic thinking; more precisely in 
the context of problem solving, and in the articulation between unknown and variable in 
the learning of algebra. These problems related to proportional reasoning, refer to 
relationships between non-homogeneous magnitudes, through intermediary of rates. 
These types of problems, where the concept of rate is present is important in making a 
connection between mathematics and the “real world”, and mathematics and other 
sciences. For example, problems dealing with the concept of speed, debt, density, involve 
the mathematical concept of rate. How can we understand, from a theoretical perspective, 
students’ difficulties when solving those problems? And how can we be in a better 
position to help students in their construction of algebraic thinking with respect to rate 
problems? 

In algebra, analysis of problems and their complexity has usually focussed on their 
symbolic treatment. Indeed, a focus on equations guides the selection of problems for 
different school levels. The selection and ordering of problems that students must tackle, 
is guided by this classical approach. For example, equations with one unknown like 
a X + b = C in Grade 8 are followed in Grade 9 by equations like ax + b = cx + cl , and 
then in Grade 10 by systems of equations with two unknowns. The results we obtained 
from research with secondary school students (Grade 7 to Grade 11) challenge that 
classical approach because many problems that can be modeled by the same equation can 
be associated with very different levels of complexity. And some problems in Grade 10 
and Grade 1 1 can be solved more easily than those in the earlier grades, not because of 
the strategies developed by the students but because of the low complexity involved in 
the problem (Bednarz & Janvier, 1994; Marchand & Bednarz, 1999). 

There is little research related to the complexity of rate problems in algebra. For example, 
Presmeg & Balderas (2002) worked with rate problems to get a better understanding of 
graduate students’ visualization rather than the complexity of word rate problems. 
Yerushalmy and Gilead (1999) developed a theoretical approach to classifying algebra 
rate problems and to exploring their complexity by looking at how algebra rate problems 
could be modeled in a functional approach. Their model is restricted to word problems 
describing constant-rate processes. This model seems to work well when dealing with 
continuous magnitudes but not when dealing with discrete ones. In their functional 
approach, they are interpreting data in a specific way that requires enhancing the 
proposed problem situation, and thus, modifying the original situation. As a consequence, 
their work does not provide an analysis of the real complexity of interpreting and 
mathematizing the problem from the student’s perspective. 

In previous research, we built a model to classify algebraic word problems (AWP) 
(Bednarz & J anvier, 1994). The approach developed by our team was in connection with 
relational calculus (Vergnaud, 1982) which involves the representation and solving of 
those problems (nature of the relations among data, linking relations...) focussing on the 
cognitive complexity of the task given to students. Our theoretical approach at that time 
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was dealing with AWP in connection with problems of unequal sharing. The aim of this 
paper is to extend this theoretical approach to classify ARP using the same methodology. 

METHODOLOGY 



Our grid was developed through the analysis of rate problems found in algebraic sections 
in past and present textbooks at different school levels. This first phase continued with an 
experimental approach, as a pilot study, with students of Grade 10, where ARP are 
usually tackled. 

In a second phase, a deep analysis of textbooks over three different periods of time 
(related to three curriculum changes) mapped out the field of applications of the kinds of 
rate problems that students are facing in the various approaches that are in use (a 
functional approach, at present, versus an approach stressing problem solving and 
equations). Because of space limitations, this paper will focus on the theoretical approach 
rather than the experimental results. 

Complexity in the Resolution of ARP 

Our theoretical framework classifies algebra rate problems with respect to their 
complexity, taking into account their structure (underlying relational calculus), the kind 
of rate (if familiar, different levels of abstraction of the rate involved in the problem, for 
example, speed, debt, density, unitary cost price, etc.), and the formulation of the rate 
(formulation in terms of a relation between two magnitudes, for example, he/she traveled 
75 km in one hour, versus the formulation 75 km per hour). We will restrict the analysis 
presented here to the analysis in terms of relational calculus. Our analysis has identified 
eight main categories. Let us consider several examples of different categories we have 
found. In what follows, we are using a notation to illustrate different kinds of relational 
calculus involved in certain types of problems. 



A given magnitude involved in 
the word problem 

|~?~| Unknown 





□ 

I I Relation between noil-homogeneous 
1 magnitudes through interme diary of the rate 



J Comparis on between homogenous 
n magnitudes 



We would like to show the extent of the categories we found in our theoretical approach 
by presenting only a few examples; we are not being exhaustive. 

EXAMPLES USING THE GRID OF ANALYSIS FOR ARP 



A word problem, first category 

In this category we have word problems where the symbolization process is direct. These 
kinds of problems, that we found in almost all textbook sections in connection with rate 
problems, are classified for some authors as problems that promote transition from the 
students’ arithmetical thinking to algebraic thinking (in connection with equations like 
ax + b =CX + d ). Usually, in this category, the rate is a familiar one for students (of 
course, in this category we could increase the difficulty by creating word problems 
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involving rates that are unfamiliar to students). In summary, these types of problems (see 
example below) are not complex for the students from a cognitive point of view. 

Judy and Carolyn are planning to go to Europe. The two friends are saving some money for 1 
project. Judy has at this moment 500 dollars at the bank and she expects to deposit 20 dollars ev 
week. Carolyn has only 200 dollars but she wants to deposit 40 dollars every week. In how mi 
time will they have the same amount of money? 

In our approach, we search the content of the problem to find a relation between non- 
homogeneous magnitudes (i.e., 20 Dollars every week). From there, we construct our 
diagram. That is, 



n = 



□ 



□ □ 



500 Dollars 
20 Dollars per week 



200 Dollars 
40 Dollars per week 



0 = E 

Implicit 

Example of category VI 



In this category, the problems involve comparisons among homogeneous magnitudes. 
Depending on the type of relations, the complexity of the problems increases or 
diminishes. Let us give an example and at the same time compare our theoretical 
approach with that of Yerushalmy & Gilead (1999, pp. 187-188, see below). 



Round trip 1 . A biker traveled from town 1 to town z 
an average speed of 24 km/hour. Arriving at town 2, : 
immediately turned back and traveled to town 1 at 
average speed of 18 km/hour. The whole trip tool 
hours. How long was the trip in each direction? 


Distance from 
town 1 (Kms) a 

m 2 §(t) 126 

24t = -18(t-7) 

A 

A * 


c 

T 

Time passed from th 
beginning (hrs) 


Round Trip 2. A biker traveled from town 1 to 2 at 
average speed of 24 km/hour. Arriving at town 2, : 
immediately turned back and traveled to town 1 at 
average speed of 18 km/hour. The return trip was 1 hi 
longer than going there. How long was the trip in e; 
direction? 


24t = -l 8(t - m) l f(t) =24 / 

tl *l 



Their model is restricted to word problems describing constant-rate processes and the 
field of ARP is wider than that. For example, using the same schema we could find a 
large class of word problems referring to discrete versus continuous magnitudes and 
different rates. From our theoretical approach, we gain in extension. However, what is 
important is that we are keeping in our model the relations and organization of data at 
hand, which allows us to explicit the complexity of the relations involved and of their 
linking, to better see what is required by students’ process of mathematization. 



We agree with Yerushalmy & Gilead that a traditional solution of the problems “Round 
trip 1 and 2” suggests that they are similar, because the solution is related to a similar 
equation. Under their approach and ours, they are not. We classified them in the same 
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category but different subcategories (Via and VIb). In one case (Round trip 1), we have a 
binary relation between homogenous magnitudes (t, and t 2 , see our diagrams below), in 
the other case, we have a comparison between the two homogeneous magnitudes. 




In this category, the problems involve relations among non-homogeneous 
magnitudes and comparisons among homogeneous magnitudes (rates). The 
rates are unknowns. These kinds of problems are very difficult for students. 



A biker augmenting his speed by 5 Km/h, gains 37 minutes 




Implicit 


Implicit 


and 30 seconds. If he diminishes his speed by 5 Km/h, he 


m = 0 = 0 


loses 50 minutes. What is his speed and how long is the 








trip? 




m 


□ 

€ 



E3- — — -4Z] 

■ ■ 



In summary, we have eight main categories with subcategories. In what follows we are 
briefly presenting the main categories. 
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Analysis of the field of problems which students are faced with in ARP 



A syllabus analysis shows that proportional reasoning is important for secondary students 
(Grade 7 and Grade 8); this is within a direct arithmetical approach where problems are 
dealing with non-homogenous magnitudes in connection with rate. Our analysis of 
problems shows however that authors of textbooks are not carefully taking into account 
the transition from arithmetic to algebra, a few rate problems being presented in the 
introduction of algebra (Marchand & Bednarz, 1999). These problems appear only in 
some textbooks in Grade 9 and frequently in Grade 10. The teaching process seems to 
create ruptures from one grade level to the next, because of the choice of problems 
presented to students. This leads us to the question: Must students confront this transition 
of thinking in connection with ARP on their own? 

The analysis of three different periods of time related to curriculum changes shows us 
that the field of problems the students must solve at the present time is relatively limited 
(see table below). The syllabuses we are considering in our analysis are the Quebec 
curriculum before 1980, between 1980 and 1993, and from 1994 to the present (they are 
marked in the table as *, **, ***). We classified the following textbooks according to the 
main categories in our grid. 



Textbook / Category 


I 


II 


III 


IV 


V 


VI 


VII 


VIII 


Mathematiques d’aujourd’hui 2, (1979*) 


1 


5 








11 




1 


BMS 4 (Module A), (1985**) 
Mathematiques Soleil, Sec. 4, (1986**) 


1 


8 


10 


1 




6 








13 


10 


4 




8 


2 




Mathophilie 436, (1997***) 
Scenarios 436, tome 2, (1997***) 


5 


4 


17 


3 




2 


1 




4 


2 


1 













The selection, in connection with a functional approach in the Quebec curriculum (Grade 
10), seems to be oriented towards relatively simple problems. Problems in categories VI 
to VIII are rare in the current curriculum textbooks we analyzed (see table and books 
marked with ***) and sometimes absent. In these books, the problems that are proposed 
to students do not permit a fluid evolution of the students’ process of mathematization in 
relation to complex problems. 

DISCUSSION 

The theoretical approach presented above can be discussed in terms of intended use of the 
classification of ARP. We have developed a grid that can be used to predict the 
complexity of problems according to the structure of the relations involved. Our 
theoretical approach is a natural extension of the one used with AWP not involving 
proportional thinking. 
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We used the grid to analyze and compare textbooks with respect to the level of 
competence they are requiring of students. Using this grid, we found ruptures in the 
curriculum because it seems problems are classified in textbooks considering only the 
final equation or equations involved in solving the problem and not the type of 
homogeneous or non-homogeneous magnitudes and the type of relations between them. 
From our point of view, the curricular change to a functional approach has resulted in 
abandoning too soon the algebraic approach needed to build consistent algebraic thinking 
and in passing too quickly over the relationship between unknown and variable. 

We believe that our theoretical approach can be considered as an example of organizing 
ARP with respect to their complexity. We conjecture that if teachers are confronted to 
such type of analysis of problems, they could get a better feel for the difficulties students 
can experience when solving ARP. The grid of analysis could provide instructors with a 
holistic approach because this technique takes into account the situated structure of the 
problem, shows the quantitative relationships involved and allows them to select and 
create problems in connection with the complexity of the algebraic tasks involved in 
students’ algebraic processes. 
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LOCATING FRACTION ON A NUMBER LINE 

Markku S. Hannula 

University of Turku, Department of Teacher Education 

Based on a survey of 3067 Finnish 5th and 7th graders and a task-based interview of 20 
7th graders we examine student's understanding of fraction. Two tasks frame a specific 

3 

fraction (^ ) in different contexts: as part of an eight-piece bar (area context ) and as a 
location on a number line. The results suggest that students' understanding of fraction 
develops substantially from 5th to 7th grade. However, Part-to-Whole comparison is 
strongly dominating students' thinking, and students have difficulties in perceiving a 
fraction as a number on a number line even on 7th grade. 

INTRODUCTION 

Rational number is a difficult concept for students. One of the reasons is that rational 
numbers consist of several constructs, and one needs to gain an understanding of the 
confluence of these constructs. This idea was originally introduced by Kieren (1976, cited 
by Behr, Harel, Post & Lesh, 1992), and has since been developed by Behr, Lesh, Post & 
Silver (1983), who distinguish six separate subconstructs of rational number: a part-to- 
whole comparison, a decimal, a ratio, an indicated division (quotient), an operator, and a 
measure of continuous or discrete quantities. They consider the Part-to-Whole 
subconstruct to be "fundamental to all later interpretations" (p. 93). Toluk and Middleton 
( 2001 ) regard division as another fundamental scheme that later becomes integrated into 
the rational number scheme. Based on a study of four case students they presented a 
schematic drawing of how students develop the connections between fractions and 
division. The highest developmental stage of their model is the confluence of Fraction-as- 
Division (a/b = a-s-b, V a/b) and Division-as-Fraction (a-s-b = a/b, V a/b < 1) into Division- 
as-Number (a-s-b = a/b, V a/b). 

In mathematician's conception of (real)number, number line is an important element. 
(Merenluoto, 2001). If Part-to-Whole subconstruct is the fundament of the rational 
number construct, then ability to locate a fraction on a number-line could be regarded as 
an indication (although not a guarantee) of confluence of several subconstructs. 

Novillis-Farson (1980, cited in Behr & al. 1983, p. 94) presented seventh-grade children 
with tasks involving the location of fractions on number lines. Novillis-Farson's findings 
suggest an apparent difficulty in perception of the unit of reference: when a number line 
of length of two units was involved, almost 25 % of the sample used the whole line as the 
unit. Behr & al. (1983) gave different representations of fractions for fourth graders, and 
their results show that number line is the most difficult one. For example, in case of the 

3 

fraction 4 , the error rate with a rectangle divided in eight pieces was 21 % and with a 

number line with similar visual cue, the error rate was 74%. When no visual cue was 
provided for the division, the error rate for rectangle was 1 % and for the number line 
68 %. For 3 years the students' text series had employed the number-line model for the 
whole-number interpretations of addition and subtraction. Considering that background, 
the results were surprisingly poor. Behr & al. (pp. 111-113) conclude that students "were 
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generally incapable of conceptualizing a fraction as a point on a line. This is probably due 
to the fact that the majority of their experiences had been with the Part-to-Whole 
interpretation of fraction in a continuous (area) context." 

The aim of this study is to deepen and broaden some results concerning students' 
understanding of fractions. We will explore the development of Finnish students' 
understanding of fraction both as Part-to-Whole comparison, and as a number on a 
number line. In addition, we intend to look at gender differences. In the qualitative part of 
the study we shall take an in-depth view of students' (mis)conceptions. The results will be 
compared with results from the two studies cited above. With respect to perceiving 
fraction as a number, there is an important difference between English and Finnish 
languages. While the English word "fraction" has no linguistic cue for the number aspect 
of the concept, the Finnish word for fraction ('broken-number') includes also the word 
'number'. Hence, it will be interesting to see if Finnish students would more easily 
perceive fraction as a number. 

METHODS 

This paper is part of the research project 'Understanding and self-confidence in 
mathematics'. The project is directed by professor Pehkonen and funded by the Academy 
of Finland (project #51019). It is a two-year study for grades 5-6 and 7-8. The study 
includes a quantitative survey for approximately 150 randomly selected Finnish 
mathematics classes out of which 10 classes were selected to a longitudinal part of the 
study. Additionally, 40 students participate also a qualitative study. 

The research team Markku S. Hannula, Hanna Maijala, Erkki Pehkonen, and Riitta Soro 
designed the survey questionnaire. It consisted of five parts: student background, 19 
mathematics tasks, success expectation for each task, solution confidence for each task, 
and a mathematical belief scale. The survey was mailed to schools and administered by 
teachers during a normal 45 -minute lesson in the fall 2001. The mathematics tasks in the 
test were designed to measure understanding of number concept and it included items 
concerning fractions, decimals, negative numbers, and infinity. Task types included bar- 
representation of fractions, locating numbers on a number line, comparing sizes of 
numbers, and doing computations. In this study, we examine student responses to certain 
items on fractions. There are three levels of analyses to this task: a large survey (N = 
3067), a more detailed analysis of different types of answers (N =97), and an analysis of 
task-based interviews with 20 students. 

The bar task required the students to shade fractional proportions of a rectangle divided 
into eight pieces (an eight-piece bar). This topic is usually covered in Finland during third 
and fourth grade. We will look at student responses to the task in which the proportion 

3 

was 4 (Figure 1). The second task required the students to locate three numbers on a 
number line, where only zero and one were marked (Figure 2). We shall focus on how 

3 

students located the number 4 on the number line. In Finland the number line is in some 
schools introduced during second grade, while other schools may not introduce until with 
diagrams during fourth grade. Fikewise, not all schools choose to use number line with 
fractions. However, in forthcoming new curriculum the students ought to learn fraction, 
decimal number and percentage and the connection between these - and also the number 
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line representation for all. There were yet another three items in the test that measured 
more computational skills with fractions: to compare § to § , to compare j to 0 . 2 , and to 
calculate 3 • j 




Figure 1. The bar task of the test. 



2. Mark the following numbers on the number line. You don’t need to use a ruler, just mark 

3 

them as exactly as your eyes tell you: a) -1 b) 0,06 c) — 

I I 0 T 



Figure 2. The number line task of the test. 

From the full sample of 159 classes, five 7th grade classes were selected for a qualitative 
longitudinal study 1 . We shall analyze the different types of incorrect answers to the 
'fraction on a number line' -task given by these 97 7th grade students. 

Based on student responses in the survey and teacher evaluations, four students from each 
of these classes were chosen to represent different student types. The qualitative study is 
still ongoing, but during the first year, three lessons of each class were observed and 
video-recorded. The focus students of each class were interviewed in groups in May 
2002, more than six months after the test 2 . The video- recorded interviews consisted of a 
semi- structured interview on mathematics-related beliefs and a clinical interview with 
students who were solving some mathematical tasks. 

In one of the tasks the group had a number line on a paper (magnified from the one in the 

3 1 

task), and they were asked to put numbers 3,-1, 0.06, 4 , 1.5, and 2 j on the number line. 
The numbers were written on cards that were given one by one. The students were first 
asked to think where they would locate the number, and after they indicated that they had 
decided, they were asked to put their notes on the number line at the same time. They 
were also asked to explain how they solved the task. 

RESULTS 



Survey results 

As a first, rough picture we can see that 70 percent of students answered correctly to the 
bar task (Table 1 ), while 60 percent gave no answer, or a robustly incorrect location for 

3 

the fraction 4 on the number line (Table 2). We see that in both tasks 7th graders perform 
notably better than 5th graders. The majority of the students seem to learn the bar task 



1 Another researcher of the team is doing similar study with five 5th grade classes. 

2 Two of the students were absent on the day of the interview. They were later interviewed individually. 
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during 5th or 6 th grade. However, only half of the students learn to locate the fraction 4 
as a positive number smaller than one. Most likely, others do not perceive the fraction as 
a number at all. We see also a significant gender difference favoring boys in task 2 b (p < 
0.001), and among 5th graders also in task lc (p < 0.01) (using Mann- Whitney U-test). 





5th graders (N=l 154) 


7th graders (N=1903) 


All (N=3067) 


Girls (N=1522) 


43 % 


85 % 


69 % 


Boys (N=1525) 


50 % 


86 % 


73 % 


All (N=3067) 


46 % 


86 % 


71 % 



Table 1. Percentage of correct answers in shading 4 of an eight-piece bar. 





5th graders (N=l 154) 


7th graders (N=1903) 


All N=3067 


Girls (N=1522) 


15 % 


41 % 


31 % 


Boys (N=1525) 


25 % 


58 % 


46 % 


All N=3067 


20 % 


50 % 


38 % 



3 

Table 2: Percentage of answers locating 4 within the interval 0-1. 



There was a clear relation between the bar task and the number line task, mastering one 
being a requisite for being able to solve the other. If the student was unable to solve the 
bar task correctly, the likelihood of him/her solving the number line task correctly was 
only 8 %. Moreover, of those who were able to solve the number line task, 93% had 
solved the other task correctly. Even the computational tasks were difficult for the 5th 
graders. The low success rates (23 - 43%) are easily explained by the fact that these 
topics had not been yet taught in most schools. Most 7th graders (83%) answered 

correctly that f < f and 66 percent gave correct answers to the two other computational 
tasks. Especially interesting here is that 30% of those 7th graders, who knew (with high 
1 3 

certainty) that j = 0.2 located 4 outside the interval 0-1. Thus, it seems, that even if a 
student is able to transform a fraction into a decimal, s/he may be unable to perceive it as 
a number. 

Error analyses 

Analyzing the answers of the 97 students in the five chosen 7th grade classes we found 
out that the correct answer was most common one (49 %) in the number line task (Figure 

3 

3). Another 5% had located 4 incorrectly but somewhere between zero and one. 
Furthermore, a quarter of students had located it between 2.5 and 3.5, and 1 % of the 
answers were between one and 2.5. One student had marked the fraction on the right side 
of 3.5, and 6 % had not given any answer. 
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Interview data 



One thing that became clear in the interviews of the 20 7th graders was that an improper 

1 3 

fraction 2j was much easier to put on the number line than 4 , and no one made a mistake 

with that task. Furthermore, it was possible to identify two different ways to solve the 
number line task correctly, and five different misconceptions behind students' incorrect 
answers in the number line task. 
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Figure 3. Amounts of seventh-grade students’ locating _ within different intervals on a 
number line (N=97). 
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4 = 3.4 The first kind of misconception is a simple wrong interpretation of the 
mathematical symbolism. The only clear example of that comes from the student S10 
who had written 3.4 under the tick he had drawn on a number line. This was a systematic 
error by the student who also in the interview explained why he put the note on the right 

3 

side of 3: "I thought that this is 3.4." Such interpretation of 4 was appealing for another 

student S 8 in the same interview group. He had originally located the note correctly after 
a long hesitation, but later moved it to where S 10 had put his note, and explained that he 
was thinking it as "a decimal thing". 

3 

4 is Not Really a Number. A fundamental conceptual misunderstanding became evident 

3 

in an interview with student S 1 1. She could not perceive 4 at all as a number on a number 
line. When asked to put the fraction on the number line, she could not do it. 

SI 1: I don't know. (I don't have — ) (Lets the note fall from her hand. Pulls her arms into her 
lap.} 3 

I: If I required you to put it (on the number line, where would you put it?) 

S 1 1 : I don't know 

I: Is that a number? 

SI 1 : No. 

I: What is it then? 

SI 1 : A number {laughs}. I dunno. 

3 

She could not locate 4 anywhere. However, in the following tasks she was able to locate 

1 3 

1.5 and correctly on the number line. Hence, I returned to the fraction 4 



3 Text in brackets represents the plausible words of unclear speech, non-verbal communication is written in 
curly brackets. 
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I: Would you like to try that 4 again. 

S 1 1 : Nope. Because it has no forenumber. 

I: What forenumber there (— ) 

SI 1 : That (two or one (points to 2 1(5 and 1.5} — ) 

I: If we put zero as the forenumber? (Zero whole and _?) 

3 

SI 1 : (Takes 4 in her hand} Umm. So then it would be somewhere (thinks, puts 

3 

approximately to 4 } (somewhere) (slides the note to right place} must be there, I 
don't know. Somewhere so, that it's before one. 

3 3 

I: Is this (points to 4 } (same as zero whole 4 ?) 

SI 1 : No 

I: What's the difference? 

S 1 1 : There's zero in there. 

Hence, at the end part of the interview we can see, that in her understanding _ is not the 
same as 0 _. The latter has a unique location on a number line, while _ is something else. 

3 

Three out of four. The next error type interprets 4 as "three out of four" which equals 3. 

In the test the student S2 had drawn a following figure as her answer in the test, which 
illustrates such line of reasoning (Figure 4). However, in the interview she put the note to 
the correct place and was able to give a clear explanation. 
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Figure 4. A drawing by S2 in the test. 

3 3 

4 of what? The next family of errors is based on an understanding of 4 as three parts of a 

whole divided into four. However, these students incorrectly think of the drawn number 
line as the whole, or they think of the end segment of the number line from zero or one to 
the arrowhead. Student SI stands out as a clear example of such thinking. He put his note 
to the number three on the number line and explained his thinking. 

SI: (I was thinking of) three fourths of the whole that number line. 

I: (— Where from did you start counting the whole number line?) 

SI: (Points to the zero} (From there approximately — ) 

3 3 

4 Of Which Unit? Yet another family of mistakes was based on an understanding of 4 

as three quarters of a unit, but of a wrong unit. Thus, the number could be put before one, 

3 

two, three or four. In interview, the student S6 had a hard time deciding where to put 4 
on the number line, and her utterances reveal this problem of specifying the unit. 

Students S4 and S5 put their notes to right place, S6 becomes confused. 

S6: Heyy! (sounds desperate} (Begins to giggle confusedly} 
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I: Tell now, where you would have< (Where was you thinking to put it.) 

S6: {Becomes serious} but how can it be a fourth, if it is there? {smile} 

I: Well, you tell how YOU thought it? 

S6: No, but. Sort of< I thought that, it is somewhere there after three, you know. Heheh (— ) 

I: So you would have put it somewhere here? {points to number line on the right side of 

three} 

S6: Yes. But, how can it then be, like before one? Because if, you know, in principle it could 
be like tw< before two? Or something. 

Flexible fraction concept. The student S3 had located the fraction correctly in the test, 
but written also a comment "(out of one (?))" next to her answer. Such comment is related 
to aforementioned misconception. In the interview she also located the note correctly, but 
when she was explaining her thinking, she accepted also the interpretation made by the 

3 

student S 1 , that 4 could be measured out of the whole number line (see an earlier 

3 

transcript: "4 of what?"). 

S3: Yeah, me too, (I chose out of one) three fourths. (So) one could have put it also here 
{points to number three} where it would have been out of four, or out of the number four 
three fourths 

3 

Taken together, this student showed flexibility in her conception of 4 . She chose to locate 
it to 0.75, but she realized that one could choose a different whole and end up with a 
different answer. 

Correct answers. Most of the students who solved the task correctly halved the segment 

1 3 

0-1, and then halved the segment 2 - 1 to find 4 However, two students transformed the 

3 

fraction into a decimal. They explained that they had thought of 4 as 0.75, which they 
knew to be a little less than one. 

CONCLUSIONS 

With respect to learning fractions, there is considerable development from 5th to 7th 
grade. Robust gender differences were found when task was difficult for the age group. 

When a task had became routine (e.g. the bar task and computing 3 • j for 7th graders), 
the gender differences diminished. Such pattern of gender differences can be understood 
in the light of a general conclusion made by Fennema and Hart (1994). According to 
them, gender differences in mathematics remain within the most difficult topics, although 
the differences in general seem to be getting smaller. 

Although most 7th graders had learned to compute with fractions their conceptual 
understanding was weak. Similarly to previous studies, we found that Part-to-Whole- 
Comparison was the dominating scheme also for Finnish 7th graders. In case of simple 
fractions, many students could not locate it correctly on the number line. The main 
difficulty for students was to determine what was the 'whole' wherefrom to calculate the 
fraction. However, in case of improper fractions 7th graders had no such difficulty. 
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Comparing the findings of this survey with the results by Behr & al. (1983), we see that 
Finnish 5th graders perform drastically worse and 7th graders notably better than the 4th 
graders in that study. Furthermore, 7th graders in the study by Novillis-Larson (1980) 
performed considerably better than Finnish 7th graders in this study. However, we should 
remember that the number line that was used in this study was different than in the other 
ones, and the nature of visual cues seems to be important. 

A hypothesis was made that because of a linguistic clue Finnish students might be 
inclined to perceive fraction as a number with a unique value. However, there was no 

3 

clear evidence for it. One of the interviewed students simply refused to locate 4 on 
number line and she was ambivalent on whether it really is a number or not. Several 

3 

others could not locate the fraction 4 within the right interval between zero and one. 
Error rate with number line task was greater in this study than in the cited studies with 
English-speaking subjects. However, these differences may also be due to different 
curricula or differences in the test items. 

Students' understanding of rational number concept develops considerably from 5th to 
7th grade. However, half of the 7th graders are still unable to locate a simple fraction 
even roughly to a right place on a number line. Their problem seems mainly to be in 
sticking to a Part-to-Whole schema while being unable to identify the whole correctly. 

References 

Behr, M.J., Harel, G., Post, T. & Lesh, R. 1992. Rational number, ratio, and proportion. In. D.A. 
Grows (ed.) Handbook on Research on Mathematics Teaching and Learning, 296-333. New 
York: Macmillan. 

Behr, M., Lesh, R., Post, T.R. & Silver, E.A. 1983. Rational number concepts. In R. Lesh & M. 
Landau (eds.) Acquisition of Mathematical Concepts and Processes, 91-126. New York: 
Academic Press 

Fennema, E. & Hart, L.E. 1994. Gender and the JRME. Journal for Research in Mathematics 
Education 24 (6), 6-11 

Kieren, T. 1976. On the mathematical, cognitive, and instructional foundations of rational 
numbers. In R. Lesh (ed.) Number and measurement: Papers from a research workshop, 101- 
144. Columbus, OH: ERIC/SMEAC 

Merenluoto, K. 2001. Lukiolaisen reaaliluku. Lukualueen laajentaminen kdsitteellisend 
muutoksena matematiikassa. [Students ' real number. Enlargement of the number concept as a 
conceptual change in mathematics .] Annales Universitatis Turkuensis C 176. 

Novillis-Larson, C. 1980. Locating proper fractions. School Science and Mathematics 53 (5), 
423-428 

Toluk, Z. & Middleton, J.A. 2001. The development of children's understanding of the quotient: 
A teaching experiment. In M. van den Heuvel-Panhuizen (ed.) Proceedings of the 25th 
Conference of the International Group for the Psychology of Mathematics Education (4), 265- 
272 



3-24 




PRESERVICE TEACHERS’ CONCEPTIONS ABOUT 
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We are studying two groups of preservice teachers ’ conceptions, progression and 
especially the concept of function in connection to y=x+5 when they are taking a course 
in algebra or one in calculus in their third and sixth term, respectively, in a teacher 
preparation program. There is a similar development in that they use to a higher degree 
a numerical interpretation before the course, which decreases after the course with a 
growth in linear and functional interpretation with the existence of two variables as a 
large and rather stable category. The group in their sixth term have a slightly more 
elaborated language and way of looking aty=x+5 than the group in the third term. For a 
majority of preservice teachers, in both groups, the concept of function is not evoked in 
connection to y=x+5. 

INTRODUCTION 

As parts of ongoing studies we have asked preservice teachers, in mathematics and 
science for school year 4-9, to answer the following question ”We write y=x+5. What 
does that mean?” (Grevholm, 1998, 2002; Hansson, 2001). One reason to study y=x+5 is 
the fact that Blomhoj (1997) reported that final year students in compulsory school, age 
15-16 years, have an unsatisfactory (see below) way of handling a question about how x 
is related to y in y=x+5. Another reason is that linear relations are common subjects that 
the preservice teachers are going to handle in different teaching-situations as inservice 
teachers. Linear relations are also often used in introductions of the function concept in 
later years of compulsory school. 

The questions of the study are: What conceptions do preservice teachers have and what is 
their concept of function in connection to y=x+5? What progression can be seen between 
two groups in their third and subsequently their sixth term, in a teacher preparation 
program? 

THEORETICAL FRAMEWORK 

Hiebert and Carpenter (1992) present a framework for examining issues of learning and 
teaching with understanding. The framework is based on the assumption that individuals’ 
knowledge is represented internally; that internal representations are structured and can 
be related or connected to one another to produce dynamic networks 1 of knowledge. They 
suggest that we think about these networks basically in terms of two metaphors, vertical 
hierarchy and web: 

When networks are structured like hierarchies, some representations subsume other 
representations; representations fit as details underneath or within more general 
representations. Generalizations are examples of overarching or umbrella representations, 
whereas special cases are examples of details. ... a network can be structured like spider’s 



1 The idea is supported by the fact that human memory, conceived as a network of entities, is a central and 
well founded theoretical construct in psychology and neuroscience (Anderson, 2000). 
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web. The junctures, or nodes, can be thought of as the pieces of represented information, 
and the threads between them as connections or relationships ...The webs may be very 
simple, resembling linear chains, or they may be extremely complex, with many connections 
emanating from each node. (H iebert & Carpenter, 1992, p. 67) 

The two metaphors can also be mixed, resulting in additional forms of networks. 

The mathematics is understood if its mental representation is part of a network of 
representations. Understanding grows as the networks become larger and more organized 
“a mathematical idea, procedure, or fact is understood thoroughly if it is linked to 
existing networks with stronger or more numerous connections” (p. 67). Existing 
networks influence the relationship that is constructed thereby helping to shape the new 
networks that are formed. 

Some parts of the network are so tightly structured that they are accessed and applied as a 
whole, as a single chunk: “accessing any part of the chunk means accessing the entire 
network” (p. 75). Other parts, called schemata, are relatively stable internal networks that 
serve as templates to interpret specific events; that is abstract representations to which 
specific situations are connected as special cases. 

Ausubel (2000) presents a hierarchical cognitive structure with similarities to the network 
model of Hiebert and Carpenter. He presents his theory for learning in an institutionalized 
setting and talks about meaningful learning and rote learning, which has consequences 
for the students’ cognitive structures. To accomplish meaningful learning for students 
teachers have to activate relevant “anchoring” ideas in the learners’ cognitive structures 
and it is necessary to build upon the learners’ prior knowledge; this is what Hiebert and 
Carpenter call the bottom-up approach (p. 81). When meaningful learning is 
accomplished then: 

...eventually they [emergence of new meanings in semantic 2 memory ] become, sequentially 
and hierarchically, part of an organized system, related to other similar, topical organizations 
of ideas (knowledge) in cognitive structure. It is the eventual coalescence of many of these 
sub-systems that constitutes or gives rise to a subject-matter discipline or a field of 
knowledge. 

Rote learning, on the other hand, obviously do not add to the substance or fabric of 
knowledge inasmuch as their relation to existing knowledge in cognitive structure is 
arbitrary, non-substantive, verbatim, peripheral, and generally of transient duration, utility, 
and significance. (Ausubel, 2000, p. x) 

We consider what Ausubel calls meaningful learning to be similar to what Hiebert and 
Carpenter call learning with understanding where the dynamic network becomes larger 
and more organized with growing understanding; a similar phenomenon occurs in 
Ausubel’s model: 

It is important to recognize that meaningful learning does not imply that new information 
forms a kind of simple bond with pre-existing elements of cognitive structure. On the 
contrary, only in rote learning does a simple arbitrary and nonsubstantive linkage occur with 
pre-existing cognitive structure. In meaningful learning the very process of acquiring 
information results in a modification of both the newly acquired information and of the 



2 Ausubel describes semantic memory as ’’Semantic memory is the ideational outcome of a meaningful (not 
rote) learning process as a result of which new meaning(s) emerge.” (p. x). 
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specifically relevant aspect of cognitive structure to a specific relevant concept or 
proposition. (Ausubel, 2000, p. 3) 

Tall and Vinner (1981) introduced the notion of concept image as “the concept image 
consists of all the cognitive structure in the individual’s mind that is associated with a 
given concept”, p. 151. Different parts of the concept image are evoked in different 
contexts and they say “we shall call the portion of the concept image which is activated at 
a particular time the evoked concept image”, p. 152. In this paper, we see a concept 
image as a chunk of the knowledge structure described above and an evoked concept 
image as a portion of the concept image in the way of Tall and Vinner. 

BLOMH0J’S STUDY 

Preservice teachers supervised by Blomhoj (1997) studied the concept of function in a 
group of 22 pupils that were in their final year of compulsory school (the 9 th year). They 
asked the pupils to write their answers to the question “y= x+5, What can you say about x 
in relation to y?” and followed up the answers with interviews. In his report Blomhoj 
distributes the answers in four categories: a) answers that say that x is 5 less than y, b) 
answers that interpret the equation without answering the question, c) answers that say 
that x is 5 more than y and finally d) answers that neither interpret the equation nor 
answer the question. 

The distribution of answers was that a) got 6, b) got 4, c) got 7 and finally the category d) 
got 5 answers. So category c), which is a wrong answer, includes the most answers. 
Moreover, the answers from the pupils often contain contradictions and more than half of 
the students could not give an acceptable interpretation. 

METHOD AND RESULTS 

The preservice teachers at Kristianstad University are studying mathematics in their first, 
third and sixth term and are then taking courses of a total of 30 weeks full time study 
where approximately one third relates to educational studies in mathematics. We studied 
two separate groups of preservice teachers in their third and sixth term, respectively, of a 
four and a half-year teacher preparation program. The first one took place in the third 
term where Grevholm (1998, 2002) asked a group of 38 preservice teachers to answer a 
questionnaire that contained the question of interest before and after a five-week course 
in algebra and also interviewed some of the preservice teachers. The second took place in 
the sixth term where Hansson (2001) replicated the first study with a group of 19 
preservice teachers in connection to a five-week course in calculus. Hansson also asked 
them to draw a map that represented their way of thinking about y=x+5 after the course. 
Grevholm created a categorization based on the preservice teachers written answers to the 
question “We write y=x+5. What does that mean?” The categorization arose from the 
data that was gathered. The categories separate answers that: 

1) describe how x and y are related numerically, here called category N 

2) state that there are two variables, V 

3) give a table of values for y=x+5, T 

4) describe the relation as a straight line, L 

5) describe the relation as a function, F 

6) give other specific descriptions, O 
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